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 2 
Abstract: Several hydraulic concrete structures suffer from severe tridimensional (3D) discrete 39 
cracking, producing an assembly of concrete blocks resting one on top of the other. It is important 40 
to consider the 3D particularities of the cracked surfaces in the nonlinear sliding safety evaluation 41 
of these structures. A methodology to assess a sliding safety factor (SSF) and a sliding direction D 42 
for any structure with an a priori known 3D discrete crack surface geometry using the quasi-static 43 
explicit nonlinear finite elements method (QSE-FEM) is presented herein in the context of the 44 
strength reduction approach. QSE-FEM is known for its efficiency in solving highly nonlinear 45 
problems compared to implicit FEM. However, in QSE-FEM, the determination of the incipient 46 
failure motion is challenging. In addition to the ratio of kinetic to internal strain energy, a new 47 
criterion is proposed to identify sliding initiation based on absolute displacements of a control 48 
point. As part of the proposed methodology, a complementary simple tool, 3D-LEM, has been 49 
developed as a 3D extension of the classical limit equilibrium method (LEM). It is useful in 50 
preliminary sliding analyses to estimate the critical friction coefficient inducing sliding and the 51 
corresponding direction D. Three benchmark examples, of increasing complexities, are presented 52 
to verify the performance of the proposed methodology. Finally, a case study is adapted from an 53 
existing cracked hydraulic structure to evaluate its sliding stability using the QSE-FEM and 3D-54 
LEM approaches. In the three benchmark examples, the same results are found for SSF and D for 55 
the two approaches. In the hydraulic structure example, SSFLEM, computed with 3D-LEM, is a 56 
lower bound of SSFFEM from QSE-FEM, and a strong correlation is found between the sliding 57 
directions computed with the two approaches. 58 
Keywords: Finite elements; quasi-static explicit analyses; limit equilibrium; three-dimensional 59 
analyses; sliding safety assessment, concrete hydraulic structure 60 
61 
 3 
1 Introduction  62 
Several concrete gravity dams and spillways have been subjected to severe three-dimensional (3D) 63 
discrete cracks induced, for example, by concrete expansion due to alkali aggregate reaction 64 
(AAR), producing an assembly of unreinforced cracked mass concrete blocks resting one on top 65 
of the other (Fig. 1). Discrete cracks of complex non-planar and irregular surface geometries tend 66 
to occur and become localised in structures exhibiting geometrical and stiffness discontinuities 67 
along their longitudinal axes. As typical examples, the following structures showing this type of 68 
damage pattern have been reported in the literature: Beauharnois dam, Canada [1]; Fontana dam, 69 
USA [2]; La Tuque dam, Canada 3]; Chambon dam, France [4] and Temple-sur-Lot spillway 70 
piers [5, 6]. The definition of the crack surface topology (Figs. 1b and 1c) is possible through site 71 
investigation using: (i) visual inspection of crack contour on the downstream face and the exposed 72 
pier surfaces; (ii) inspection with a geo-camera installed on a submarine for the upstream face, and 73 
(iii) concrete vertical drilling from the dam crest. For this type of cracked concrete hydraulic 74 
structure, it is important to consider the 3D particularities of the crack contacting surface 75 
geometries in the presence of uplift pressures. The finite element (FE) solution to detect 3D relative 76 
crack surface motions of arbitrary geometry, leading to sliding or rotational failure mechanisms, 77 
is a highly nonlinear frictional contact problem that is difficult to solve using the classical nonlinear 78 
implicit finite element method (FEM). For sliding stability, FEM using a Mohr-Coulomb frictional 79 
model can be performed using the strength reduction method in which the friction coefficient is 80 
progressively reduced to induce sliding displacements. Strength reduction method has been 81 
successively applied in the field of geotechnical engineering for quantifying slope stability. 82 
Recently, Tu et al. [7] used FLAC3D to study the stability of 2D and 3D slope problems. Energy 83 
based criteria were developed to define the incipient slope failure. The criteria are based on 84 
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detecting changes in kinetic, potential or strain energy of the model. The results were consistent 85 
with the safety factors determined by conventional criteria based on changes in the stresses, strain 86 
or displacement distributions in the slope. Though the results were satisfying using the energy 87 
criteria, they were applied on simpler problems, if compared to the case study problem shown in 88 
Fig. 1. The applicability of Tu et al. [7] methodology based on energy criteria is therefore 89 
questionable for the general case where the geometry of the failure surface is arbitrary and where 90 
the direction of the sliding is not easily predictable. 91 
Constitutive laws for materials can also exhibit highly nonlinear softening behaviour due to alkali–92 
aggregate reaction (AAR) degradation or other structural effects. Convergence difficulties may 93 
arise when using the conventional implicit FEM in the context of large concrete models, leading 94 
to premature "numerical" failure [8]. Using the explicit FEM approach, the numerical problem is 95 
solved dynamically using Newton’s second law of motion. This approach was found to be very 96 
efficient for solving highly nonlinear problems such as impact and large displacement problems 97 
[9]. The distinct element method (DEM), using an explicit solution algorithm, has been widely 98 
used for stability assessment of jointed rock slopes, tunnels and dam foundations 10. DEM 99 
commercial software such as UDEC/3DEC recognize individual discontinuities by modelling 100 
joints using appropriate distinct (discontinuous) constitutive models from models used for the bulk 101 
material. This is in opposition to the classical continuum FEM where the presence of 102 
discontinuities in the bulk material has to be represented indirectly in the average sense (i.e. 103 
smeared crack models). Lisjack and Grasseli 11 presented a comprehensive review of DEM 104 
techniques to assess fracturing of rock masses. Recently, Zhou et al. 12 used ABAQUS/Explicit 105 
to develop a combined finite-discrete element method. In their work, a rock mass is idealised as 106 
numerous elastic block elements interacting through cohesive joints modeled as contact elements 107 
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located along their boundaries. Geomechanical problems have been solved at scales ranging from 108 
concrete cylinders to slope stability using thousand of discrete elements. The limit equilibrium was 109 
reached by increasing the gravitational "constant" (element self-weight) until sliding is detected. 110 
The velocity field and the total kinetic energy were used as slope stability indicators. Lately, 111 
Abaqus/Explicit models have been applied in the field of concrete hydraulic structures using the 112 
quasi-static approach [13, 14]. The nonlinear quasi-static explicit finite element method (QSE-113 
FEM) is used in this work as an alternative to the classical implicit FEM. QSE-FEM requires the 114 
definition and interpretation of criteria to detect the loss of static equilibrium leading to instability 115 
with respect to the initial position. In addition to the kinetic energy criterion used in the previous 116 
studies [8, 12, 13, 14], one additional criterion is proposed herein: the absolute crack surface 117 
motions at particular degrees of freedom (DOF). In addition, simple tools, such as the classical 118 
limit equilibrium method, should be used for verification purposes to bound the sliding safety 119 
factors computed from QSE-FEM. For that purpose, a 3D extension of the 2D limit equilibrium 120 
method [15], labelled as 3D-LEM, has been developed and implemented in a MATLAB® code as 121 
a complementary tool to QSE-FEM. 3D-LEM uses a directional search algorithm to find the 122 
minimum sliding safety factor (SSFLEM) and related sliding direction. 3D-LEM is found to be a 123 
lower bound solution compared to QSE-FEM. The proposed solution strategies are general and 124 
could be applied to any concrete structure with discrete cracks.  125 
This paper is organised as follows. First, the QSE-FEM tool is presented. The 3D extension of the 126 
classical 2D limit equilibrium algorithm, 3D-LEM, is then developed. An analysis methodology 127 
is proposed using QSE-FEM and 3D-LEM as complementary tools. Three validation examples of 128 
increasing complexity are investigated to illustrate the particularities of the 3D stability problem. 129 
Finally, a case study, adapted from an actual cracked hydraulic structure, as shown in Fig. 1, is 130 
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analysed showing the performance of QSE-FEM and 3D-LEM. Though applied on an example of 131 
hydraulic structure, the framework developed in this study can be applied to a wider range of civil 132 
engineering problems where failure may occur through complex and arbitrary 3D surface.  133 
 134 
 135 
Figure 1: 3D discrete cracking due to AAR expansion: (a) 3D view of hydraulic facility; (b) 136 
problematic corner showing 3D discrete cracking; (c) crack mapping on existing structure 137 
 138 
2. Nonlinear quasi-static explicit FEM  139 
The explicit dynamics approach was developed and successfully applied in the industrial field of 140 
metal forming at the beginning of the nineties [16]. The explicit approach was implemented in 141 
several commercial packages (e.g., ABAQUS-Explicit in ABAQUS [9], LS-DYNA [17]). 142 
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Following an explicit formulation, the nonlinear problem is solved using dynamic equilibrium 143 
equations. Conventional nodal forces are converted into inertia forces by assigning lumped masses 144 
to nodal DOFs. The dynamic equilibrium equations are written in terms of inertia forces, where M 145 
is the lumped mass matrix of the model, P is the external load vector, and I is the internal load 146 
vector: 147 
 𝑴?̈? = 𝑷 − 𝑰 (1) 
Compared to the conventional implicit approach, no iteration is performed. The transient solution 148 
algorithm advances explicitly in time using a very small time increment to ensure stability. This 149 
increment, Δ𝑡, depends on the smallest element of the mesh and can be as low as 10-5 to 10-7 150 
fraction of the total analysis time, 𝑡𝑒𝑥𝑝 (Fig. 2). The original nonlinear static problem is solved in 151 
a quasi-static manner when the first term in Eq. (1) is negligible. This can be accomplished by 152 
applying the loads "slowly enough" with respect to the fundamental period of vibration, 𝑇1, to 153 
ensure that kinetic energy, 𝐸𝑘, is negligible compared to the internal strain energy, 𝐸𝑖, [8,9]. As 154 
shown in Fig. 2a, a smooth loading time, 𝑡𝐿, is suggested for each load applied separately, such as 155 
self-weight, hydrostatic thrusts and uplift pressures, using an established rule of thumb of 20 𝑇1 to 156 
50 𝑇1 for the loading time 𝑡𝐿 [8]. This ensures an acceptable evolution of the energy ratio 𝐸𝑘/𝐸𝑖 157 
over time as shown in Fig. 2b. Each peak (𝑡𝑖, 𝑟𝑖), 𝑖 > 1, in Fig. 2b represents a typical nonlinear 158 
"major event" (e.g., macro-crack propagation in a reinforced concrete beam or local sliding of a 159 
surface in a Mohr-Coulomb stability problem). Two important quasi-static criteria must be met 160 
for the energy response: (1) considering an energetic criterion, CEng = 𝐸𝑘/𝐸𝑖, the magnitude of 161 
CEng at the peaks i for 𝑖 > 1 should be less than 5% (CEng ≤5%); (2) the behaviour of the model 162 
shall remain linear elastic within the initial "acceleration" period between 0 and 𝑡0 (Fig. 2b) to 163 
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avoid a sudden (dynamic) release of stored elastic energy due to damage. By respecting these two 164 
quasi-static criteria, the failure time 𝑡𝑓 of the model is defined as the time where CEng irreversibly 165 
exceeds a threshold value (e.g., CEng > 5%). 166 
 167 
Figure 2: QSE-FEM: (a) loading smooth amplitude; (b) typical curve for energy ratio versus time 168 
 169 
In this work, the ABAQUS-Explicit framework is used within the commercial package ABAQUS 170 
[9]. The General contact algorithm available in ABAQUS-Explicit is used. It is a robust automatic 171 
contact algorithm able to solve complicated and very general 3D contact problems. This contact 172 
algorithm has been used extensively in the industry to solve impact tests and automobile crash 173 
tests [18]. Using a sophisticated tracking algorithm over the contact domain, the software identifies 174 
all node-to-face and edge-to-edge penetrations at each explicit time increment and uses a penalty 175 
enforcement of contact constraint in the normal direction. A large displacement sliding method is 176 
used in tangential directions, which allows for arbitrary separation, sliding and rotation of surfaces 177 
in contact. In the tangential (sliding) direction, displacement continuity is exactly enforced during 178 
the stick condition. The sliding constitutive model in the tangential direction neglects the related 179 
crack dilation motions in the normal direction due to the interface crack roughness. The dilation 180 
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effect of concrete-concrete sliding interfaces is implicitly considered in the selected initial friction 181 
coefficient according to test data 19 and dam safety guidelines. For the strength reduction method 182 
used in this study, a user subroutine, called VFRIC, was programmed to model a user-defined 183 
tangential strength, which allows for a progressive decrease in the friction coefficient over time 184 
𝜇𝑖(𝑡). The typical variation of 𝜇𝑖(𝑡) is shown in Fig. 3a. The 𝑡𝑗 and 𝜇𝑖(𝑡𝑗) values are user inputs 185 
to the subroutine required to compute a continuous curve with smooth interpolation (cubic 186 
polynomial) between successive time points. The Mohr-Coulomb criterion is used for sliding with 187 
zero cohesion. All computations are performed with static friction coefficients in contrast to using 188 
static and dynamic friction coefficients. The first value 𝜇𝑖0 is the initial value of the friction 189 
coefficient, constant for the first loading step, which is a local material property for the "ith" 190 
discretized FE contact surface. Of course, these friction coefficients must be larger than the critical 191 
friction coefficient value that induce sliding. 192 
 193 
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 194 
 195 
Figure 3: Procedure used in strength reduction method: (a) variable friction in the tracking 196 
phase; (b) sliding interval tracking; (c) constant friction and variable friction analyses in the 197 
verification/refinement phases (regular/bold lines); (d) energy ratio evolution in the tracking 198 
phase; (e) energy ratio evolution in the verification/refinement phases (regular/bold lines) 199 
 200 
 201 
In addition to the energy criterion, CEng, a displacement criterion, CDisp, is defined herein. CDisp is 202 
related to the absolute displacement magnitude of a selected control point from the upper sliding 203 
block. Due to the relatively large magnitude of the sliding displacement with respect to the elastic 204 
displacement induced by the deformations of the upper and lower blocks and to the large sliding 205 
velocity that is initiated by a sliding failure, it was found that using the absolute displacement is 206 
precise enough to detect the onset of the instability (sliding) phase. The control point is a point 207 
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belonging to the upper sliding surface. It is located at the extremity of the last resisting elements 208 
with respect to the sliding direction, D. An example of a control point is presented in the third 209 
example of section 5 (Fig. 9). In a more general 3D problem, the selection of the control point and 210 
sliding direction is not easily predictable. 3D-LEM is thus introduced in section 3 as a preliminary 211 
predictive tool to complement the QSE-FEM analysis. The strength reduction factor SRF(t) is 212 
introduced as the ratio between initial and reduced friction coefficients: SRF(t) = µi0 / µi(t) (Fig. 213 
3a). Using the CEng and CDisp criteria, the SRF that induces sliding is identified. SSFFEM is defined 214 
as the last value of SRF where a stable condition is maintained.  215 
 216 
3 3D Extension of limit equilibrium method  217 
3.1 2D limit equilibrium method 218 
The bi-dimensional limit equilibrium method (2D-LEM) was documented by the US Army Corps 219 
of Engineers in 1981 [20]. The method defines SSFLEM: 220 
 𝑆𝑆𝐹𝐿𝐸𝑀 =  
𝜏𝑎
𝜏
 (2) 
where 𝜏𝑎 is the admissible shear stress, and 𝜏 is the shear stress on the failure plane. The admissible 221 
shear stress is ruled by the Mohr–Coulomb equation: 222 
 𝜏𝑎 = 𝑐 +  𝜎 ∗ tan (𝜙)  (3) 
where 𝑐 is the cohesion, 𝜎 is the normal pressure to the failure plane, and 𝜙 is the friction angle. 223 
SSFLEM in Eq. (2) can be applied only on a single wedge with a straight cracked plane. An algorithm 224 
was thus developed to solve the multi-wedge problem associated with a segmented cracked surface 225 
(Fig. 4a). Each segment of the cracked surface defines a wedge by vertical delimitation to each 226 
extremity of the segment. Horizontal thrusts, Pi-1 and Pi, are introduced on the left and right sides 227 
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of each wedge to equilibrate the shear stress on its bottom segment (Fig. 4b). The force difference, 228
𝑷𝒊−𝟏 − 𝑷𝒊, is computed as follows: 229
 
𝑷𝒊−𝟏 − 𝑷𝒊 =
((𝑾𝒊+𝑽𝒊)∗cos(𝛼𝑖)−𝑼𝒊)
tan(𝜙𝑖)
𝑆𝑆𝐹𝐿𝐸𝑀
−(𝑾𝒊+𝑽𝒊)∗sin(𝛼𝑖)+
𝑐𝑖
𝑆𝑆𝐹𝐿𝐸𝑀
∗𝐿𝑖
cos(𝛼𝑖)+sin(𝛼𝑖)∗
tan(𝜙𝑖)
𝑆𝑆𝐹𝐿𝐸𝑀
  (4) 
where Wi is the weight of the wedge, Vi is the weight of the water above, Ui is the uplift, Li is the 230
length of the ith segment, and 𝛂𝐢 is the angle between this segment and the horizontal. The SSFLEM 231
corresponding to the sliding limit equilibrium is computed such that the summation of all 𝑷𝒊−𝟏 −232
𝑷𝒊 is nearly zero. Moment equilibrium is not satisfied. Therefore, only a global equilibrium of 233
driving versus resisting sliding forces is satisfied along a unique kinematic admissible sliding 234
direction, D, which is horizontal for the case in Fig. 4. 235
 236
 237
Figure 4: 2D limit equilibrium method; (a) three wedges example; (b) loads on a single wedge  238
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 239 
3.2 3D extension of limit equilibrium method 240 
The 3D limit equilibrium method (3D-LEM) is defined as an extension of the classical 2D-LEM 241 
presented in section 3.1. Fig. 5a presents part of a gravity dam (or an arbitrary concrete structure) 242 
with a nonplanar crack pattern at its base. The complete cracked surface is discretized by several 243 
elementary triangular surfaces. The volume of the complete structure is divided into adjacent 244 
vertical elementary elements labelled as "columns" located between a particular triangle at the 245 
cracked surface and the top of the structure. Each column denoted by the index "i", and its related 246 
base triangular surface described by nodes 1-2-3, is subjected to several forces: the self-weight, 247 
Wi, the uplift pressures, Ui, an arbitrary resultant of external forces, Fi, and the forces Pi and Pi-1 248 
associated with the LEM, which equilibrate the shear strain on the base of the column (Fig. 5b). 249 
The self-weight of a column, Wi, is defined by the product of material density and the column 250 
volume computed from the known geometry. Water pressures are associated with each corner of 251 
the base triangle. The average value defines the elementary uplift pressure that is multiplied by the 252 
base triangular surface to obtain the uplift force, Ui. The external thrust Fi, could be null or could 253 
be the resultant of hydrostatic pressure as an example.  254 
 255 
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 256 
Figure 5: Definition of 3D-LEM (a) cracked surface divided into triangles and concrete block 257 
divided into columns; (b) loads applied on a column; (c) local axis definition for the triangular 258 
base; (d) definition of θ and the sliding direction D 259 
 260 
The elementary unbalanced horizontal forces, 𝑷𝒊−𝟏 − 𝑷𝒊 or P, are to be computed for each 261 
column, following a given direction D. The limit equilibrium condition of the surface along the 262 
direction D gives the following equation: 263 
 𝑐 ∗ 𝐴
𝑆𝑆𝐹
− (𝑾 + 𝑼 + 𝑭 + 𝜟𝑷). 𝒖𝟑 ∗
tan(𝛷)
𝑆𝑆𝐹
= (𝑭 + 𝑾 + 𝜟𝑷).
𝑫′
||𝑫′||
 (5) 
(a) (b)
(c) (d)
Z
X
Y
Z
X
Y
D
θ
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where  264 
 𝑫′ = 𝑫 − (𝒖𝟑. 𝑫)𝒖𝟑 (6) 
(𝒖𝟏 𝒖𝟐 𝒖𝟑) defines a local axis system linked to the triangular column base (Fig. 5c). The 265 
parameter 𝒖𝟏 is a normalised vector from node 1 to node 2 of the triangle, and 𝒖𝟑 is normal to the 266 
triangle and oriented such that the scalar product 𝒖𝟑. 𝒁 ≥ 𝟎. The vector 𝒖𝟐 = 𝒖𝟑^𝒖𝟏 is 267 
complementary and located in the plane of the triangle. The interface properties introduced in Eqs. 268 
(2) and (3) for failure planes in the conventional 2D-LEM are assumed constant for each triangular 269 
element at the interface cracked surface and are defined as local material properties for the "ith" 270 
discretized FE contact surface. The Mohr-Coulomb equation rules the contact between surfaces, 271 
such that a friction coefficient, 𝜇𝑖𝑐𝑟𝑎𝑐𝑘 = tan (𝛷) and a cohesion, ci, are associated with the “i
th” 272 
contact surface. 273 
 274 
𝑷𝒊−𝟏 − 𝑷𝒊 is defined along this same direction D: 275 
 𝜟𝑷 =  𝑷𝒊 −  𝑷𝒊−𝟏 = 𝑃 ∗ 𝑫  (7) 
The direction D is horizontal and is defined by the angle θ (Fig. 5d). It is assumed that the strength 276 
is developed in direction D such that the resisting forces associated with the cohesion and the 277 
friction are also along this direction. A vector 𝜟𝑷 is computed for each column. 278 
Similar to the 2D-LEM method, the SSF(D) is determined when ∑ 𝜟𝑷𝑖𝑖 = 0. Newton’s method is 279 
used to find the "zero" of the summation, which has the advantages of simplicity and quadratic 280 
convergence. SSF(D) is computed for each direction 𝑫, and the minimum is identified as SSFLEM 281 
related to the corresponding sliding direction, DLEM. 282 
 16 
The convergence tolerance to satisfy the equation ∑ 𝜟𝑷𝑖𝑖  0 has a strong influence on the SSFLEM 283 
results. Fig. 6 illustrates several curves drawn for different tolerances where ∑ 𝜟𝑷𝑖 =𝑖  10
-1 to 10-4. 284 
A "small" tolerance is required for smooth response curves. A real improvement occurs for 285 
tolerances smaller than or equal than 10-3; a 10-3 tolerance value is thus used later in the application 286 
examples. 287 
 288 
 289 
Figure 6: Influence of the tolerance on SSF(D) (example 2 considered); (a) tolerance=10-1; (b) 290 
tolerance=10-2; (c) tolerance=10-3, DLEM=D (θ=30.67deg); (d) tolerance=10-4 291 
 292 
 293 
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Eq. (4) could become ill conditioned if the denominator is close to zero. Ebeling et al. [15] 294 
suggested that the denominator in Eq. (4) should not be less than 0.2. In 3D-LEM, the ill condition 295 
problem is solved by slightly modifying the inclination of the base triangle of problematic 296 
columns. The inclination is reduced so that the normal to the base becomes closer to the vertical 297 
axis Z. This operation locally modifies the geometry of the cracked surface, but it is acceptable in 298 
practice for a structure such as that shown in Fig. 1 because uncertainty always remains on the 299 
exact geometry of the crack surfaces. 300 
4 Proposed methodology for sliding safety assessment 301 
A progressive assessment methodology is suggested in this work, based on the experienced gained 302 
through the several numerical studies conducted. 3D-LEM is found to be a simple tool compared 303 
to QSE-FEM, giving a lower bound value of SSFFEM. QSE-FEM is a sophisticated FE tool that 304 
considers all types of potential unstable conditions by computation of the incipient kinematic 305 
motions of all cracked components in the model. It is therefore relevant to any general 3D stability 306 
problem: rigid/deformable bodies, linear/nonlinear constitutive material, small/large 307 
displacements, imposed displacements/forces, sliding/overturning/uplifting or any combination of 308 
these relative motions. As with any sophisticated tool, using QSE-FEM represents challenges in 309 
terms of problem sensitivity and abundance of results. The analysis should thus be performed as 310 
follows: 311 
a) Discretization of the geometry: discretization into triangles of the 3D discrete cracked 312 
surfaces in 3D-LEM and 3D discretization with solid elements in the FE model used in 313 
QSE-FEM. For consistency, the discrete cracked surfaces are generated with ABAQUS 314 
and used as input to MATLAB®. 315 
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b) Selection of time integration parameters: Compute the stable time increment Δ𝑡 for the 316 
QSE-FEM generated mesh. Compute the modal frequencies of the FE model by imposing 317 
the full compatibility condition in the interfaces between all cracked components (or 318 
wedges) of the model (TIED condition) and fixity condition at the bottom face of the 319 
foundation block. Define accordingly 𝑡𝑒𝑥𝑝 for the analysis duration and 𝑡𝐿 for each load 320 
condition. Proceed with preliminary analyses using QSE-FEM (only with an initial loading 321 
step, 𝑡𝐿) to check the quasi-static criteria. 322 
c) Directional search: Proceed with a directional search with 3D-LEM to find SSFLEM and 323 
DLEM. 324 
d) Initialisation of QSE-FEM: Use the results of step c) to select an initial value of the friction 325 
coefficient 𝜇𝑖0 and a control point to monitor the onset of the sliding (criterion CDisp). 326 
e) Perform strength reduction: Move forward with a strength reduction step in QSE-FEM 327 
within a first tracking phase (Figs 3a, b and d). Identify a sliding interval range using a 328 
lower bound and an upper bound, [𝜇𝑖(𝑡𝑙𝑜𝑤), 𝜇𝑖(𝑡𝑢𝑝)], for 𝜇𝑖𝑐𝑟𝑖𝑡 (criteria CEng and CDisp are 329 
considered; only CEng is shown in Fig. 3d). 330 
f) Verification and refinement to compute μicrit: In this step, three different analyses are 331 
considered as shown in Fig. 3c. For verification of the sliding interval range, two analyses 332 
with constant friction coefficients are conducted. The values of the friction coefficients are 333 
selected to be slightly outside the sliding interval range (an 𝜀 value of 0.05 to 0.1 is to be 334 
used). It may happen that, contrary to what is shown in Fig. 3e, the criterion CEng for the 335 
case 𝜇𝑖(𝑡𝑢𝑝). (1 − 𝜖) decreases after t0 and follows a tendency similar to the case 336 
𝜇𝑖(𝑡𝑙𝑜𝑤). (1 + 𝜖). The reason for this behaviour is the presence of residual inertia forces 337 
for each smooth step delimited by 𝑡𝑗 and 𝑡𝑗+1. This behaviour is schematically shown in 338 
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Fig. 3d at the end of the interval [𝑡0, 𝑡1]. It is necessary for this particular case to return to 339 
the tracking phase and set up new bounds of the sliding interval. The increase in the interval 340 
length (e.g., the interval [𝑡0, 𝑡1] for the case depicted in Fig. 3) was found to be an efficient 341 
solution to reduce the magnitude of the inertia forces. The next step is the refinement of 342 
the 𝜇𝑖𝑐𝑟𝑖𝑡 interval range. An analysis with a variable friction coefficient is therefore used 343 
(Figs. 3c and e). Similar to the tracking phase, a first initial loading step with constant 344 
friction coefficient 𝜇𝑖(𝑡𝑙𝑜𝑤) is followed by a strength reduction step with friction 345 
coefficient smoothly decreasing from 𝜇𝑖(𝑡𝑙𝑜𝑤) to 𝜇𝑖(𝑡𝑢𝑝) (Figs. 3c and e).  346 
g) Computation of SSFFEM: Estimate the value of the critical friction coefficient, 𝜇𝑖𝑐𝑟𝑖𝑡, the 347 
corresponding 𝑆𝑆𝐹𝐹𝐸𝑀 =  
𝜇𝑖𝑐𝑟𝑎𝑐𝑘
𝜇𝑖𝑐𝑟𝑖𝑡
 and the corresponding sliding direction, DFEM. 348 
Complementary analyses could be performed in step f) Verification and refinement to compute 349 
μicrit using implicit FEM on the two analyses with constant friction coefficients. If both analyses 350 
with constant friction coefficients 𝜇𝑖(𝑡𝑙𝑜𝑤) and 𝜇𝑖(𝑡𝑢𝑝) converge, the interval range 351 
[𝜇𝑖(𝑡𝑙𝑜𝑤), 𝜇𝑖(𝑡𝑢𝑝)] is incorrect. The analysis using the coefficient value 𝜇𝑖(𝑡𝑢𝑝) should not lead to 352 
an equilibrium state. The methodology then must be initiated again in step e). In any other case, 353 
one analysis or both analyses fail such that no conclusion can be deduced due to the possibility of 354 
a “numerical” failure of the implicit analyses. 355 
5 Validation examples 356 
Three validation examples are considered in this section. They represent important issues related 357 
to the real case study problem introduced in Fig. 1b. Sliding on an arbitrary inclined plane and 358 
tracking of the critical sliding direction are considered in example 1. The problem of locally large 359 
uplift pressure with respect to gravity loads, which may occur in the downstream inclined face of 360 
a dam (Fig. 1b), is considered in example 2. The multiple-wedge issue is considered in example 3, 361 
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taken from [20]. In addition to [20], example 1 and example 2 can be considered as new benchmark 362 
unit problems that can be used for the verification and validation purposes (V&V) of the stability 363 
assessment tool of a general 3D problem. 364 
 Example 1 – 3D sliding block on an inclined surface 365 
This first example illustrates a 3D stability problem of a single massless block sliding on an 366 
arbitrary inclined surface (Fig. 7a). Two external driving forces are applied, 5 kN along the Z-axis 367 
and 1 kN along the X-axis (Fig. 7b). A sliding analysis direction is required to compute SSFLEM. 368 
This direction is projected in the XY plane and is characterized by a directional angle θ defined 369 
from the X-axis (Fig. 7d). Sets of SSF(D(θ)) results are computed for series friction coefficients, 370 
µ, and for a range of θ (Fig. 7c). The curve tangent to a SSF(D) = 1 defines the minimal friction 371 
coefficient for limit equilibrium, which is equal to 𝜇𝐿𝐸𝑀 = 0.435. SSF(D) increases with increasing 372 
friction coefficient  regardless of the potential sliding direction D. Minimum SSF(D), SFFLEM, is 373 
always reached at the directional angle θLEM = 30.67°, irrespective of the friction coefficient. The 374 
red point in Fig. 7c indicates 𝜇𝐹𝐸𝑀 = 0.437 computed using QSE-FEM. The sliding motion 375 
projected in the XY plane is shown in Fig. 7d. It is a rectilinear motion with a 29.33° directional 376 
angle between the X-axis and the sliding direction. 𝜇𝐹𝐸𝑀 = 0.437 develops the frictional strength 377 
just able to maintain equilibrium (incipient sliding motion), which has less than 1% difference with 378 
𝜇𝐿𝐸𝑀. These nearly identical results between 𝜇𝐿𝐸𝑀 and 𝜇𝐹𝐸𝑀 validate the two stability analysis 379 
tools used to characterize the limit friction coefficient and the incipient sliding direction for this 380 
basic 3D sliding problem. 381 
 382 
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 383 
Figure 7: Example 1 of a sliding block on an inclined plane (a) geometry definition of the 384 
inclined surface (b) geometry definition of the block, definition of the loads and ABAQUS 385 
meshing; (c) SSF computed for three friction coefficients from 3D-LEM and SSFFEM from QSE-386 
FEM; (d) sliding trajectory in XY plan of the block with ABAQUS 387 
 388 
 Example 2 – Column with locally large uplift pressures 389 
The second example is used to illustrate the effect of vertical uplift pressures locally larger than 390 
the self-weight of column B of the structure shown in Fig. 8a. Eq. (5) includes the friction force 391 
expression FF = (𝑾 + 𝑼 + 𝑭 + 𝜟𝑷). 𝒖𝟑 ∗
tan(𝛷)
𝑆𝑆𝐹
 regardless of its sign. It is possible to obtain a 392 
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negative FF value if there is a tensile normal force along 𝒖𝟑. In this case, FF has no physical 393 
meaning. Considering a structure made of two tied columns A and B (Fig. 8a), the loads are the 394 
self-weights WA =8 kN and WB =1 kN for A and B respectively; the uplift pressure U=1 kPa and 395 
a horizontal external thrust F=1 kN. The friction coefficient 𝜇𝑐𝑟𝑎𝑐𝑘 equals 0.84 between the 396 
structure and the foundation. The uplifting force locally under B (2 kN), is larger than the self-397 
weight (WB =1 kN), making this column intuitively “floating” if considered as a free-standing 398 
element, even if the complete structure A-B is stable. In that case, using independent free-body 399 
diagrams for A and B, no friction can occur between column B and the foundation because there 400 
should be no contact. Thus, the expression FF = (𝑾 + 𝑼 + 𝑭 + 𝜟𝑷). 𝒖𝟑 ∗
tan(𝛷)
𝑆𝑆𝐹
 equals 0 for 401 
column B. To test whether we should neglect FF in the case of “floating” columns, two analyses 402 
were performed with 3D-LEM: The first with Eq. (5) and the second with a procedure added to 403 
neglect FF when its sign is negative. Fig. 8d illustrates the response obtained with Eq. (5) (lowest 404 
curve) and the modified equation, which neglect FF for column B (highest curve). The red point 405 
in Fig. 8d represents the result computed from QSE-FEM. The correlation between the lowest 406 
curve and the red point in Fig. 8d and the analytical solution, which is 𝜇𝑐𝑟𝑖𝑡=0.2 (𝜇𝑐𝑟𝑖𝑡=F(1kN) / 407 
[WA(8kN) + WB (1kN) – U(4kN)] = 0.2), demonstrates that the analysis using Eq. (5) directly is 408 
correct. Neglecting FF for “floating” columns changes the quantity 𝜟𝑷𝒊 =  𝑷𝒊 −  𝑷𝒊−𝟏. 𝜟𝑷𝒊 that 409 
symbolizes the available resistive strength of the ith column. It is thus important to not modify Eq. 410 
(5) because to neglect the negative value of FF is similar to not considering “weak” columns (such 411 
as column B) and overestimating SSFLEM.  412 
 413 
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 414
Figure 8: Example 2 with locally large uplift pressures (a) loads applied; (b) geometry of the 415
problem and ABAQUS meshing; (c) criteria of QSE-FEM; (d) SSF(θ) according to different 416
considerations on FF value, and QSE-FEM result 417
 418
 Example 3- Extruded 2D gravity dam – Multi-wedge analysis 419
The example seeks to compute the sliding safety factor (SSFLEM; SSFFEM ) of a 2D 12 m high 420
gravity dam resting on a rock foundation (Fig. 9). This problem has been solved, with detailed 421
calculations, by the standard 2D LEM using a multi-wedge analysis [15, 20, 21, 22]. A non-planar 422
failure surface is formed within the soil and rock foundation and along the dam-foundation 423
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interface. The dam-foundation system is divided into 5 adjacent wedges. There are two driving 424 
soil wedges, one structural wedge, and two resisting soil wedges. The loads acting on each wedge 425 
i are the wedge weight, Wi, uplift pressures Ui, hydrostatic pressure Hi, and vertical water weight 426 
Vi. As in the original reference [20], and to be able to draw meaningful comparisons, the uplift 427 
pressures are kept constant during the strength reduction process. 428 
 429 
Figure 9: Example 3 of hydraulic structure presented in [20] (a) multi-wedge 2D problem; (b) 430 
ABAQUS mesh; (c) wedge displacements of the contact problem (scale: 10/1); (d) wedge 431 
displacements of the tied problem (scale: 10/1)  432 
 433 
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Despite its apparent simplicity, this problem is particularly challenging due to the following issues: 434 
(1) The presence of sharp contact edges at the intersection of the wedges and sensitivity of the 435 
General contact algorithm to this condition; (2) The effect of shear and moment transfer along the 436 
vertical interfaces between the wedges; (3) The driving force in the problem that is the hydrostatic 437 
force H acting on the upstream face of the dam or wedge 3. This force is exerted on the third wedge 438 
element (and not the first) in the wedge chain and results in tensile stresses between the second 439 
and third wedges and an overturning tendency of the dam. (4) The abutment effect developed due 440 
to resisting soil wedges. 441 
Clearly, most of these issues are outside the 3D-LEM tool application range. QSE-FEM can be 442 
used to study each issue separately, but this is also outside the scope of this paper. The effect of 443 
sharp contact edges has been studied, and no significant effect was found in SSFFEM or in the final 444 
instability mechanism. The effect of vertical interfaces between wedges was tested using two 445 
conditions: a contact condition with no friction and a full compatibility (or tied) condition. The 446 
results of the QSE-FEM are dependent on these conditions and are listed in Table 1 by QSE-FEM-447 
contact and QSE-FEM-tied for contact and tied conditions, respectively. 448 
 449 
Table 1: Example 3: Extruded 2D Gravity Dam 450 
USACE 2005 
SSFLEM 
3D-LEM 
SSFLEM 
QSE-FEM-contact 
SSFFEM 
QSE-FEM-tied 
SSFFEM 
2.0 1.96 2.1 ˃ 8.0 
 451 
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One of the advantages of the explicit solution tool in ABAQUS compared to the standard implicit 452 
resolution is the way contacts on interfaces are managed, especially how contact between two 453 
coincident nodes from a wedge and the foundation is modelled. In the standard implicit tool, the 454 
tangential contact before sliding is represented by a penalty coefficient. This allows displacements 455 
named “elastic slip”, even if the shear stress is below the allowable frictional shear strength 456 
described by Mohr–Coulomb equation. Another alternative for the implicit solution (ABAQUS-457 
Standard) is to use the Lagrange multiplier method to enforce exactly the kinematic tangential 458 
sticking constraints of the potentially sliding interfaces. This solution tends however to increase 459 
the complexity of the problem and convergence issues may arise ([9]). Fig. 10 represents several 460 
displacement responses in the tied conditions for constant friction coefficients reduced by a factor 461 
of 2 from the initial values. In the implicit analyses, the tangential penalty coefficient is increased 462 
systematically to study convergence properties. The implicit solutions are converging to the 463 
explicit solution while the penalty coefficient is increasing. QSE-FEM uses the equivalent of an 464 
infinite tangential penalty coefficient, which reduces the “elastic slip” to zero. This makes the 465 
explicit solution much more efficient than the standard implicit one to detect sliding motions. 466 
 467 
 468 
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 469 
Figure 10: Absolute displacements of the control point. Convergence of the standard implicit 470 
solutions towards the explicit solution when stiffness is increasing. Computed on tied example 3 471 
SSF=2 472 
 473 
A good correlation is found for SSF, between [20], 3D-LEM and QSE-FEM-contact conditions. 474 
QSE-FEM-tied resulted in a large value of SSFFEM, which can be attributed to the abutment effect 475 
of resisting soil wedges. Fig. 11 presents the evolution of the computed SSFFEM versus the 476 
horizontal displacement of the control point. A similar tendency has been reported by Wei et al. 477 
[23] and demonstrates the obvious dependency of SSF on the displacement of the control point 478 
(equal to sliding for infinitely rigid blocks). The problem therefore becomes an engineering 479 
problem to decide on the threshold displacement (or sliding) value and compute the corresponding 480 
SSF according to Fig. 11. 481 
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 482 
 483 
Figure 11: Horizontal displacements of the control point for untied example 3 484 
 485 
6 Spillway analysed  486 
This section presents the sliding stability analysis of a concrete hydraulic structure adapted from 487 
an existing spillway suffering from AAR as shown in Fig. 1.  488 
6.1 Description  489 
The AAR swelling displacements induced severe cracking at the base end of the gravity dam and 490 
the spillway pier adjacent to it (Fig. 1b). The crack and the top of the hydraulic structure separate 491 
the extremities of the concrete block. Water flow is visible on the downstream face of the gravity 492 
dam (Fig. 1c). The crack is thus going from the upstream to the downstream face. The upper block 493 
is considered independent of the rest of the structure and is free to move in any direction. In the 494 
existing structure, passive steel anchors have been added to improve the sliding safety. These 495 
anchors have not been considered in this application. 496 
The material and crack interface properties of this block are displayed in Table 2. Four load 497 
conditions are considered: the weight due to gravity (G), the horizontal hydrostatic pressure (H), 498 
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the horizontal gate thrust (V) on the left of the pier and the uplift pressures (U). Thus, we define 499 
one load combination including all load conditions: GHVU. In the context of this application 500 
example, we exclude any consideration of AAR effects. 501 
 502 
Table 2: Material Properties  503 
Material properties 
ρ (kg/m3) Density 2 400 
E (MPa) Young modulus 25 000 
ν  Poisson coefficient 0.2 
µcrack Friction coefficient 1.13 
C (kN/m2) cohesion 0.0 
 504 
The hydrostatic loads and uplift pressures are defined according to the following outlines: (1) the 505 
hydrostatic pressure is maximal upstream of the gate and (2) it linearly decreases downstream of 506 
the gate until reaching atmospheric pressure at the downstream face of the gravity dam (Fig. 12). 507 
The maximal pressure is defined as the water column height from the crest of the pier and the dam. 508 
For simplicity, the uplift pressure diagram was kept constant during the strength reduction process. 509 
The gate thrust is produced by the horizontal hydrostatic pressure acting on the gate adjacent to 510 
the pier. The gate is 15 m long, and the half-force resultant of this pressure is transmitted to the 511 
pier. 512 
 513 
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 514
Figure 12: Load conditions on the concrete wedge: H Hydrostatic pressure, U Uplift and V Gate 515
thrust : (a) elevation view; (b) plan view 516
 517
6.2 Stability assessment  518
The friction coefficient of the concrete/concrete cracked interface is 𝜇𝑐𝑟𝑎𝑐𝑘 = 1.13. Table 3 519
displays SSFLEM and SSFFEM and the related sliding directions D for the load combination GHVU. 520
Table 3: Comparative results for the GHVU load combination 521
3D-LEM QSE-FEM 
SSFLEM 
DLEM 
θ (deg) 
SSFFEM 
Criterion CEng 
SSFFEM 
Criterion CDisp 
DFEM 
θ (deg) 
1.66 106 1.94 1.78 105 
 522
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In the load combination GHVU, SSFLEM = 1.66 is the lower bound in regard to SSFFEM computed 523 
with the criteria CEng (SSFFEM = 1.94) and CDisp (SSFFEM = 1.78). The sliding direction θLEM = 106 524 
deg is very close to θFEM = 105 deg. 525 
The ABAQUS mesh is used for QSE-FEM analyses, and the two convergence criteria for a friction 526 
coefficient interval range of [1.13; 0.2] are shown in Fig. 13. According to Fig. 13b, 𝜇𝑐𝑟𝑖𝑡, the 527 
critical friction coefficient inducing sliding, lies between 0.7 and 0.4. The methodology described 528 
in section 4 was thus applied to reduce uncertainty on 𝜇𝑐𝑟𝑖𝑡. The main observations led to steps a) 529 
to g) as follows. Step a: the crack surface geometry was modelled in ABAQUS only according to 530 
the onsite measurement of the crack rim, so uncertainty remains in the exact crack surface 531 
geometry. Linear tetrahedral FEs were used. Different mesh sizes were tested during the analyses, 532 
and no significant influence on SSFFEM or SSFLEM was found. Step d: based on θLEM = 106 deg 533 
computed in step c, the monitoring node was defined as shown in Fig. 13a. SSFFEM equals 1.66, 534 
corresponding to 𝜇𝐿𝐸𝑀 = 0.683. Thus, the initial value of the friction coefficient for QSE-FEM was 535 
set up to 𝜇0=0.7. Step e: the first interval range computed for 𝜇𝑐𝑟𝑖𝑡 was [𝜇(𝑡𝑙𝑜𝑤) = 0.7, 𝜇(𝑡𝑢𝑝) =536 
0.45]. The two verification analyses were performed with 𝜖 = 5% and validated the interval range. 537 
Another analysis with the reduced interval range [𝜇(𝑡𝑙𝑜𝑤) = 0.65, 𝜇(𝑡𝑢𝑝) = 0.5] was then 538 
performed, and two new verification analyses (𝜖 = 5%) validated the new interval. Step g: using 539 
the two criteria CDisp and CEng, the friction coefficients were found: 𝜇𝑐𝑟𝑖𝑡(𝐶𝐷𝑖𝑠𝑝) = 0.637  and 540 
𝜇𝑐𝑟𝑖𝑡(𝐶𝐸𝑛𝑔) = 0.585. The corresponding 𝑆𝑆𝐹𝐹𝐸𝑀 =  
𝜇𝑐𝑟𝑎𝑐𝑘 
𝜇𝑐𝑟𝑖𝑡
 values are shown in Table 3. 541 
 542 
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 543
Figure 13: Quasi-static explicit FE method (QSE-FEM) analysis with ABAQUS; (a) the 544
monitoring displacements node is selected according to the sliding kinematic motion; (b) CEng and 545
CDisp criteria response for the GHVU load combination 546
 547
7 Conclusions  548
A methodology to study the sliding safety of hydraulic structures with an a priori known 3D 549
discrete cracked surface geometry has been presented. This methodology is based on two 550
complementary tools using a shear strength reduction method: (1) the Quasi-Static Explicit Finite 551
Element Method (QSE-FEM) exhibiting robust convergence properties for highly nonlinear 552
problems and (2) the tridimensional limit equilibrium method (3D-LEM). 3D-LEM developed in 553
this work is an extension of the classical 2D limit equilibrium [20] considering force equilibrium 554
in the sliding direction but neglecting moment equilibrium. 3D-LEM computes sliding safety 555
factors (SSF) along any potential sliding direction D for arbitrary cracked surface geometry. Three 556
benchmark examples were studied to verify and validate the proposed methodology. A case study, 557
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adapted from an existing cracked hydraulic structure, was then presented. Though applied on an 558 
example of hydraulic structure, the framework developed in this study can be applied to a wider 559 
range of civil engineering problems where failure may occur through complex and arbitrary 3D 560 
surface.  561 
 562 
The following conclusions were drawn while developing and applying the proposed methodology: 563 
1. The 3D-LEM tool is simple to implement and to interpret in regards to tridimensional QSE-564 
FEM analyses, which require significant resources and expertise. 3D-LEM should be used 565 
in complement to QSE-FEM to estimate the critical friction coefficient and sliding 566 
direction, DFEM. Strong correlation was found for SSF and sliding direction D between 567 
QSE-FEM and 3D-LEM for pure translational kinematic motion problems without any 568 
rotation (crack opening). For more complex problems, such as the hydraulic cracked 569 
structure (Fig. 1), 3D-LEM was found to be a lower bound to estimate μcrit and related 570 
SSFLEM in regard to QSE-FEM, SSFFEM. 571 
 572 
2. One major difficulty with explicit finite element analyses is to identify sliding initiation. A 573 
criterion based on the ratio of kinetic energy to internal strain energy has been shown to be 574 
insufficient. A new criterion based on absolute displacements of a control point, located at 575 
the extremity of the sliding crack surface, was found to be effective to detect incipient 576 
sliding failure. 577 
 578 
3. While using the strength reduction method, it was shown that the friction coefficient μ must 579 
be reduced in a series of “smooth steps” including two stages: (1) cubic polynomial 580 
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decrease of μ(t); (2) nearly constant value of μ(t). This procedure allows accurate 581 
monitoring of the control point displacements and determination of the critical friction 582 
coefficient μcrit to initiate sliding motions. 583 
 584 
4. Ill conditioning is possible in 3D-LEM for complex geometries. Because the exact crack 585 
surface geometry remains uncertain in most cases, the geometry is locally adjusted in 3D-586 
LEM to ensure convergence [15]. 587 
 588 
5. The third benchmark example (multiple wedges problem [20]) revealed to be a challenging 589 
problem to solve with QSE-FEM. The geometry of the cracked surfaces with sharp concave 590 
angles, and the importance of the overturning moment induced by the applied loads favour 591 
a rotational motion in addition to sliding, which could not be accounted for in 3D-LEM. 592 
Two versions of this problem were studied: the contact and untied problems. The untied 593 
problem gave results close to the limit equilibrium method (LEM) and to 3D-LEM. The 594 
tied problem requires more studies, which are outside the scope of this paper. 595 
Following this research work, some further developments are underway: 596 
1. Structural modelling using QSE-FEM has been undertaken to consider a highly nonlinear 597 
concrete material constitutive model, including strength and stiffness degradation due to 598 
alkali–aggregate reaction. QSE-FEM is expected to allow modelling, in a robust way, of 599 
hydraulic structures with complex multi-crack patterns. 600 
2. The modelling of the effect of rehabilitation work using passive or post-tensioned steel 601 
anchor bars has been initiated. 602 
 603 
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